A mathematical model for peristaltic motion of nonlinear viscous flows with elastic free boundaries is introduced. An iterative numerical method is used to solve the free boundary problem. Long wave asymptotic expansion is developed and the zeroth order approximation is used as the numerical initial condition. The existence and uniqueness of the solution for the free boundary equation derived from the long wave expansion are proved. Computations were conducted to study the long wave approximation, the numerical solutions for the exact equations, and the influences of the parameters on the solutions.
1. Introduction. Peristaltic pumping, the physiological phenomenon of a circumferential progressive wave propagating along a flexible tube, plays an essential role in transporting fluid inside living organisms. Many modern mechanical devices have been designed on the principle of peristaltic pumping to transport fluids without internal moving parts, for example, the blood pump in the heart-lung machine and peristaltic transport of noxious fluid in the nuclear industry. Earlier mathematical work on the problem of peristaltic transport was based upon a viscous fluid model governed by the Navier-Stokes equations subject to a prescribed velocity on the boundary of the tube [11] , [3] . A review of the research results can be found in the articles by Jaffrin and Shapiro [8] and Winet [21] . Numerical study of two-dimensional and axisymmetric peristaltic flows can be found in the articles by Takabatake, Ayukawa, and Mori 17] , 18] . Recently, more refined models have been developed to deal with the peristaltic transport of a fluid-particle mixture or a heat-conducting fluid. The former was studied by Hung and Brown [7] and Kaimal [9] , and the latter by Bestman [1] and Tang and Shen [19] , [20] .
In reality, the shape of the tube walls (e.g., blood vessels) is often unknown. They should be treated as free boundaries and solved as part of the solution. Experiments also suggest that the elastic properties of the tube walls should be taken into consideration [6] , [10] , [12] . In this paper, we introduce a three-dimensional (axisymmetric) model for viscous peristaltic motion with elastic free boundaries that combines three important factors: viscosity, elasticity, and free boundary. With the free boundary, this model should give a better representation of the actual physical situation than the fixed boundary models. Investigation of the free boundary model will provide useful information for designing equipment applying peristalticmotions and will lead to better understanding of some physiological processes involving peristalsis. However, the introduction of the free boundary makes this model difficult to solve. The fact that the domain is unknown makes it difficult to change the partial differential equation (PDE) system to a discretized difference system, which is the first step necessary to solve the PDE system using the finite difference method. To overcome this difficulty, we introduce a global iterative method for this model. The idea was originated from Fung [4] . To explain, we outline the method below.
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Step 2. With the boundary F r H(z) obtained from Step I (H(z) is the radius of the tube), use a local successive overrelaxation (SOR) method [20] to solve the system as a fixed boundary problem without the elasticity. The mapping
is used to map the (z, r) domain to a rectangular (, ) domain. The number of iterations of the SOR method needed here should be determined by numerical experiment.
Step 3. Update the free boundary function H(z) by using the elastic condition.
Step 4. With the newly updated H(z), repeat Steps 2 and 3 until the desired accuracy is achieved. Adjust the number of local iterations if necessary to achieve the best convergence.
There are three key points in this method worth mentioning. (1) By using this procedure, the unknown domain becomes "known" at each global iteration and discretizing the PDE system becomes possible. (2) Using the long wave solution as the numerical initial condition is important to gain fast convergence. (3) The introduction of the mapping (1.1)-(1.2) makes the transformation of the (z, r) domain to a rectangular domain a fairly easy job.
In 2, we formulate the problem. The long wave asymptotic expansion is developed and solved in 3. The global iterative method is explained in 4. Results and discussions are given in 5.
2. Formulation. We consider viscous flow in an elastic tube while the shape of the tube is to be determined. A tension function is prescribed on the boundary to reflect the elastic property of the tube wall. The tube and the motion are assumed to be axisymmetric and the wave traveling along the tube (z-direction) is periodic. By choosing a coordinate system moving with the wave, the boundary becomes stationary. The problem is formulated in Fig. 1 . This leads to the existence of the exact free boundary when the numerical method converges. However, the theoretical proof of the existence and uniqueness of the exact free boundary is a much harder problem and remains to be solved in the future.
Boundary conditions for the velocity andpressure. Considering boundary conditions, we assume no slipping between the fluid and wall, no penetration through the wall, and no horizontal motion of the wall. These lead to the following boundary conditions:
where F is the free boundary, C is the wave velocity, and f is determined by the radial motion of the free boundary. Recalling vl=0 vl=e, (2.8) Pl=0 Pl=e', where e is the wave length. These periodic conditions are actually implied by the periodicity of the tension function and the Laplace law to be described below. Some numerical boundary conditions for the pressure at r 0 and F r H(z) will also be imposed.
The details will be discussed later.
Additional boundary condition from elasticitythe Laplace law. Because the boundary is free, an additional boundary condition is needed to make the model complete. That condition comes from the consideration of the elastic property of the tube. Because of the complexity of structure of the tube walls in real application, there are many ways to introduce elasticity into a model. For simplicity, we will adopt the Laplace law to represent the elastic property of the wall [13] :
(2.9) Plr T(z, r), r where T(x, r) is the prescribed tension function. Several cases are discussed in this paper. In practice, various functions can be introduced to find the best agreement with experimental data. When necessary, we may introduce more complicated elasticity laws involving stresses and strains of the walls, which would make the model more practical. The change of the elastic condition will affect only the part of updating the free boundary. Therefore, the numerical method will still be applicable with minor adjustments.
Remark. The prescribed tension is fundamental to the whole mechanism. We assume that it takes the form of a traveling wave T T(x*, t, r) T(x* Ct, r) T(x, r), with given wave speed C, period, and wave length. We are then looking for solutions in which the fluid velocity, pressure, and the free boundary also adopt the form of traveling waves with the same wave speed, period, and wave length as the imposed wave of elasticity.
From the Laplace law, it is clear that prescribing T is equivalent to prescribing the pressure at the free boundary. Flux condition. Using u. nlr 0, V u 0, and the divergence theorem, we can prove [19] fA ndA const Q, u. For the fixed boundary model, it has been proved that for each prescribed flux, there exists a unique solution to the system [19] . A similar conclusion is also true for the fixed boundary model if we replace the flux condition by the pressure drop condition, i.e.,
where Pd is the prescribed pressure drop. The relation between the flux and the pressure drop is almost linear for the fixed boundary model [20] .
For the free boundary model, the situation is different. Due to the periodicity of the free boundary and the Laplace law just introduced, the pressure drop over one period of the tube must be zero. That means the pressure drop cannot be prescribed for the free boundary model. It is found in this paper that prescribing the flux is equivalent to prescribing the intial tube opening H(0) H0 for the free boundary model. For theoretical convenience, we choose to prescribe H0.
Although we cannot prescribe the flux condition once H0 is given, we still have that identity which will be used to derive the free boundary equation from the long wave approximation. The constant Q will be determined as part of the solution. Remark. To prescribe pressure drop, tapering of the tube must be taken into consideration. This will be treated in a separate paper.
Remark. Recall that we are using a moving coordinate system. The laboratory lon- v-x + vr Or -0---+ -+ or 2'r Or r 2 (2.15) Ov v Ov (v, v). Substituting these into (3.1) for the zeroth order approximation, we obtain (in the following, we use H for Ho(x) and Ho for the initial opening), l(OvOz 020vOw)Opo vl=o v v v Proof. We need the following lemma. Step 2. With the H(z) obtained from Step 1, solve the fixed boundary problem on the domain 0 < z < 1/a, 0 < r < H(z). Using (1.1)-(1.2), z, r/= r/H(z), we can transform the domain 0 < z < l/a, 0 < r < H(z)to 0 < < l/a, 0 <.r/ < 1. In computing derivatives, the following formulas are useful: [14] , [15] to solve this fixed boundary problem. The method has been used by the author successfully in [20] as it is relatively easy to program, is of second-order accuracy, and provides good convergence.
The finite difference scheme used here is briefly explained below. Let dl and d2 be the spans of finite differences for , , respectively. We use the following formulas for the derivatives to convert the differential equations into finite difference equations.
and the corresponding differences for y can be defined similarly. The third-order terms in the first difference formulas are necessary to have a regular scheme. The iterative scheme is given below: to shorten the formulas. When computing, those derivatives were calculated first and then (4.18)-(4.20) were performed. We impose periodic boundary conditions on u, v, and p in -direction. At r/ 0, cubic interpolation was used for pressure, e.g., (4.21) p(i, 0) 3(p(i, 1) p(i, 2)) + p(i, 3).
Cubic interpolation was also used for pressure at 1. Boundary condition (4.12) was used for (u, v) at 1. At 0, using second-order difference, (4.13) implies (4.22) u(i, 0) (4u(i, 1) u(i, 2))/3,
For computation, our experience indicates that w 0.001--1.5 and -0.1w give good convergence. When the Reynolds number R is small, we chose w 1.5, 3' 0.1. For larger R(100 _< R _< 2000), we chose smaller w and "), to make the algorithm converge.
Remark. The PDE needs two boundary conditions at r/ 0, 1, and those conditions are given by (4.12)-(4.14). The cubic interpolations for the pressure at r/ 0, 1 are numerical boundary conditions and do not make the system overdetermined. For reference on this regard, see [16, p. 298].
Step 3. We use the long wave approximation as the first guess. After a few local iterations for the fixed boundary problem, the boundary is updated according to (4.17):
H*()
To(1 + asin27rc)
Then the transformation (1.1)-(1.2) is modified using the new H* and r/x, r/, xx are updated. This is one global iteration.
Step 4. Repeat Steps 2 and 3 as many times as needed. Our experience indicates that for most cases the number of local iterations is around 20. For some cases, we can achieve convergence by adjusting the number several times between 10 and 100 at the beginning stage of the computation.
Remark. "Convergence" is used here in the sense that the corrections to the numerical solutions made at each iteration, or, equivalently, the imbalances of the equations when the numerical solutions are plugged in will become and remain small after some respectively.) The theoretical justification of the numerical method will be done in the future.
Computations were carried out for various situations and the results are given in 5.
.R esults of the computations and discussions. Since there are five parameters (c,R, To, a, Ho) and the solution contains the free boundary H(x), velocity (u, v) vx, v), pressure p, and flux Q, computations were carried out by changing each of the parameters, and solutions were observed to study the properties of the flow. We have made the following observations.
1. Accuracy of the long wave approximation and numerical method. From Table 1 we can see that the numerical method is roughly of second-order accuracy. The long wave and numerical solutions agree with each other very well (Tables 2 and 3). 2. Influence ofTo on the flow. (i) Phase shift of the max-min of the free boundary. From Fig. 2 we see the phase shift of the max-min of the free boundary when To is not large. However, when To becomes large, the phase shift becomes small, and eventually becomes zero. (iii) To -Q curve. Figure 3 shows that the relation between To and flux is not linear, and especially that the flux increases with To very slowly when To is greater than 2000.
(iv) Table 4 shows the max-min of the solutions with To changing. 3. Backflow andpositive motion. The v-minimum (negative) always appears at the narrower part of the tube, indicating that the fluid is leaking there. On the other hand, there are parts of "positive motion" at the wider part of the tube indicating the fluid is pushed forward by the wave. Usually the positive motion part is of a torus shape (note that the tube is axisymmetric).
4. Pressure field. Figure 4 gives the contour lines of the pressure fields. The picture shows the maximum of pressure appears at the right side of the "neck" and minimum appears at the left side of the neck. So the pressure increases when passing the neck and decreases when going through the wider part of the tube. This agrees with the velocity pictures.
5.
Influence of Reynolds number on the flow. Table 5 shows that the solution is not sensitive to the changes of Reynolds number when 0.001 <_ Re _< 1000 whileRe.T0 100 is maintained. Numerically, smaller iterative parameters should be chosen to compute for large R values.
6. Influence of a-change on the flow. Figure 5 gives the velocity fields with respect When drawing the velocity fields, the darker lines indicate forward motion while the lighter lines indicate backward motion. In the pressure field, circles indicate where the pressure is maximum and X indicates a minimum.
